Let b be an integer greater than 1 and g = b − 1. For any nonnegative integer n, we define indispensable digits in the base-b representation of n so that we can calculate the digit sum of the base-b representation of g · n: Instead of adding every digit in it, we multiply g by the number of the indispensable digits in the base-b representation of n. Then, we find the formula to calculate the digit sum of g · n + r using the number of indispensable digits in n, for any nonnegative integers n and r with 0 < r < g.
Introduction
Throughout this paper, let b be an integer greater than 1 and g = b − 1. 
where a i 's ∈ {0, 1, 2, . . . , g} such that m = k i=0 a i b i . It is well known that for any nonnegative integer m, m ≡ s b (m) (mod g) [5] . That is, for any nonnegative integers n and r with 0 ≤ r < g, s b (g · n + r) = g · k + r, (1.1) for some integer k.
In this paper, we define indispensable digits in the base-b representation of any nonnegative integer as demonstrated in Definition 3.1. Then, we find k satisfying (1.1) using the number of indispensable digits in the base-b representation of n, instead of adding every digit in the base-b representation of g · n + r.
In Section 2, we clarify notation for this paper. In Section 3, we define indispensable digits in the base-b representation of a nonnegative integer. In Section 4, we calculate the digit sum of the base-b representation of a multiple of g. Finally, in Section 5, we calculate the digit sum of the base b representation of an integer with a nonzero residue modulo g.
Notation
The set containing every finite string consisting of digits in {0, 1, 2, . . . , g}, including the empty string , is denoted by {0, 1, 2, . . . , g} * . For any strings x and y in {0, 1, 2, . . . , g}*, the concatenation of x and y, denoted by xy, is the string obtained by joining x and y end-to-end. The concatenation of n x's is denoted by x n , for any positive integer n [4] . That is, if x = a k · · · a 1 a 0 and y = c l · · · c 1 c 0 for a i , c i ∈ {0, 1, 2, . . . , g}, xy = a k · · · a 1 a 0 c l · · · c 1 c 0 and x n = xxx · · · x(n times).
For example, the concatenation of 123 and 10 is 123 10 = 12310. The concatenation of n digit 1's is the string 1 n = n times 11 · · · 1. Every nonempty string in {0, 1, 2, . . . , g}* represents a nonnegative integer. That is, for any a i ∈ {0, 1, 2, . . . , g}, a k a k−1 · · · a 1 a 0 represents k i=0 a i b i , and we write
For example, [011] 3 = 4 = [0011] 3 . If a k = 0, we have a unique base-b representation of a nonnegative integer: for any nonnegative integer n, there exist unique a i 's in {0, 1, 2, . . . , g} such that n = log b n i=0
and we call it the b-ary string of n. For example, (4) 3 = 11. Note that [(n) b ] b = n for any nonnegative integer n, but it is not always true that ([x]) b = x for its b-ary string x [4] . For any string x, |x| denotes the number of digits in x, and for any nonnegative integer n, l b (n) denotes the number of digits in (n) b : if (n) b = x = a k a k−1 · · · a 1 a 0 for some digit a i ∈ {0, 1, 2, . . . , g}, |x| = k + 1 = log b n + 1 = l b (n).
For example, l 3 (4) = 2.
3 Indispensable digits Definition 3.1. For any digits a i 's and a string x = a m a m−1 · · · a 1 a 0 , a i is called indispensable in x, if a i = a i−1 = a i−2 = · · · = a i−k+1 > a i−k for some positive integer k ≤ i + 1, considering a −1 = 0; otherwise, dispensable in x. The number of indispensable digits in x is denoted by ι(x).
For example, consider x = 288943771. Then, digits 9, 4, 7, 7, 1 are indispensable in x, because 9 > 4 > 3 and 7 = 7 > 1 > 0 = a −1 , and digits 2, 8, 8, 3, are dispensable in x, because 2 < 8 = 8 < 9 and 3 < 7. Hence, ι(288943771) = 5
Note 3.2. Digit 0 is always dispensable in any string.
For a nonzero digit to be dispensable, we have the following:
For any digit a i 's and any string x = a m a m−1 · · · a 1 a 0 , if a i = 0 and a i is dispens-
Now we consider the number of indispensable digits in the b-ary string of a nonnegative integer:
Definition 3.4. For any nonnegative integer n, we denote the number of indispensable digits in (n) b by ι b (n).
For example, ι 3 (50) = ι(1212) = 2, since (50) 3 = 1212. Then, the following is obvious: Note 3.5. For any nonnegative integer n, 
For example, for any positive integer n,
To simplify the further discussion in the following sections, we define a sequence as follows:
That is,
By Definition 3.7 and Lemma 3.6, for any nonnegative integer n and a positive integer k,
Theorem 3.8. For any positive integers k and n,
Proof. The proof is done by mathematical induction on k. The base case is shown in (3.1). Induction hypothesis: assume ι 4 Digit sums for multiples of g
In the base-b system, the product of g by a single digit is as follows:
Lemma 4.1. For any digit a ∈ {0, 1, 2, . . . , g},
Hence, the digit sum, s b (g · n), for any nonnegative integer n with l b (n) = 1, is as follows:
For any integer n in {0, 1, 2, . . . , g},
Proof. It is obtained by Lemma 4.1.
To help the further discussion on the digit sum, we define the following:
For any nonnegative integer n and any digit a i in {0, 1, 2, . . . , g}, if (n) b = a m a m−1 . . . a 1 a 0 , we define the b i -th place sum in g · n, denoted by σ i , as follows:
where δ i = 0 if a i = 0; 1 otherwise, for all i.
Even if the b k−j -th place sum exceeds b so there is an increase in σ k−j+1 by 1, σ k−j+1 + 1 ≤ g. If a k > a k−j = 0, σ k−j+1 ≤ g but there is an increase in σ k−j+1 , so σ k−j+1 + 1 ≤ g. Hence, the b i -th place digit in (g · n) b becomes g for all i = k, k − 1, . . . , k − j + 2. Since we gain another g by canceling a k 's in the b k+1 -th place digit and the b k−j+1 -th place digit, every digit a i for i = k, k − 1, . . . , k − j + 1 affects the digit sum s b (g · n).
If a k < a k−j , σ k−j+1 > g, so the b k−j+1 -th place sum decreases by b and the b k−j+2 -th place sum increases by 1. Since g + 1 = b, so the b i -th place digit (g · n) b becomes 0 for all i = k, k − 1, . . . , k − j + 2. Since we cancel a k by adding tbe b k+1 -th place digit and the b k−j+1 -th place digit, every digit a i for i = k, k − 1, . . . , k − j + 1 does not affect the digit sum s b (g · n).
Therefore, the number of digits to determine the digit sum s b (g · n) is the number of indispensable digits in the b-ary string of n. Proof. The proof is done by mathematical induction on l b (n). The base case, when l b (n) = 1, is covered by Corollary 4.2. Induction Hypothesis: assume if l b (n) ≤ k, s b (g · n) = g · ι b (n).
Consider n with l b (n) = k + 1. Then, (n) b = a k a k−1 · · · a 1 a 0 for some a i ∈ {0, 1, 2, . . . , g} and a k = 0. Then, by Definition 3.1 and Lemma 3.3, if a k is indispensable, a k = a k−1 = · · · = a k−j+1 > a k−j for some positive integer j ≤ k + 1 and if a k is dispensable, a k = a k−1 = · · · = a k−j+1 < a k−j for some positive integer j ≤ k. Since a k = 0, by Lemma 4.1,
Then, the b i -th place sum in g · n for i = k − j + 1, . . . , k + 1 is
Let c i be a digit satisfying g · n = [c k+1 c k · · · c 1 c 0 ] b . Consider δ as a possible increase 1 in the b k−j+1 -th place sum in g · n. Then,
if a k−j = 0 and the b k−j -th place sum in g · n excceeds g; 1, if a k−j = 0 and the b k−j -th place sum in g · n does not excceed g.
Hence,
c i for some δ = 0 or 1.
If a k is indispensable, −g ≤ a k−j − a k ≤ −1. Then,
Thus, there is no increase in each b i -th place sum for all i = k + 1, k, . . . , k − j + 1, so
Since a i is indispensable for all i = k, k − 1, . . . , k − j + 1, ι b ([a k−j · · · a 1 a 0 ] b ) = ι b (n) − j. By the induction hypothesis, s b (g · [a k−j . . . a 1 a 0 ] b ) = g · (ι b (n) − j). Therefore,
If a k is dispensable, 1 ≤ a k−j − a k < g, since a k = 0. Then,
To find c i 's, the b k−j+1 -th place sum decreases by b and the b k−j+2 -th place sum increases by 1.
Since σ i + 1 = b for all i = k − j + 2, . . . , k, every σ i + 1 decreases by b again, and the b k+1 -th place sum increases by 1. Thus,
By the induction hypothesis,
Example 4.5.
s 10 (9 · 11123455567000) = 9 · ι 10 (11123455567000) = 9 · 1 = 9; s 10 (9 · 4355722256611) = 9 · ι 10 (4355722256611 = 9 · 6 = 54. Proof. It is obtained by Theorem 4.4 and Theorem 3.8.
Digit sums of integers with a nonzero residue modulo g
Now we consider integers with a nonzero remainder when divided by g: consider g · n + r for any nonnegative integer n and r with 0 < r ≤ g. Let a i , c i , and c i be digits in {0, 1, 2, . . . , g} such that Assume 0 < a 0 ≤ r. If a p = a p−1 = a p−2 · · · = a 1 = a 0 , the b i -th place sum in g · n for i = p, p − 1, . . . , 1, 0 is
where δ p = 0 if a p = 0; 1 else. That is,
If a p = 0, σ p = a 0 − 1 < g, so c p = σ p < g. If a p = 0, σ p = g − (a p − a 0 ), Since a p = a 0 , 1 ≤ |a p − a 0 | ≤ g − 1 , so 1 ≤ σ p < g or b ≤ σ p < 2g. Thus, if 1 ≤ σ p < g, c p = σ p < g, and if b ≤ σ p < 2g, c p = σ p − b < 2g − b < g. Therefore, c p < g; c i = g (i = p − 1, p − 2, . . . , 1); c 0 = b − a 0 .
Since c 0 + r = b − a 0 + r ≥ b and c p < g, c p = c p + 1; c i = 0 (i = p − 1, p − 2, . . . , 1); c 0 = c 0 + r − b. That is, if 0 < a 0 ≤ r, s b (g · n + r) = s b (g · n) − g · p + r. (5.2)
Theorem 5.1. For any nonnegative integers n and r with 0 < r < g, let a i be a digit in {0, 1, 2, . . . , g} such that (n) b = a m a m−1 · · · a 1 a 0 and a p = a p−1 = a p−2 = · · · = a 1 = a 0 . Then, s b (g · n + r) = g · ι b (n) + r, if a 0 = 0 or a 0 > r; g · (ι b (n) − p) + r, if 1 ≤ a 0 ≤ r. s 10 (9 ·762344000 + 3) = 9 · 4 + 3 = 39; s 10 (9 ·762344555 + 3) = 9 · 5 + 3 = 48; s 10 (9 ·762344555 + 5) = 9 · (5 − 3) + 5 = 23; s 10 (9 ·766234455 + 6) = 9 · (5 − 2) + 6 = 33.
